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Objective: illustrate the symplectic geometry of
Anosov flows in dimension three.

Anosov flow on M8 [«------» Anosov theory

Contact forms ay on M

A=¢6e%a, +eSa_onV=RxM

Symplectic invariants of (V, \) |- - - Symplectic geometry




Liouville domains

A Liouville domain is (W,w = d\) with contact boundary (M =
oW, & = ker o).

A Liouville domain.



Anosov-Liouville domains

M) V=[-1,1]xM M)

skel(V)={O}xM
An Anosov-Liouville domain V = [—1,1] x M contracts to the skeleton

skel(V) = {0} x M under the negative Liouville flow, which is Anosov on
skel(V) (algebraic case). Note V is non-Weinstein.



Definition |

An Anosov-Liouville structure on Rs x M3 is a smooth Liouville form
2\ of the form

A=e®a_ +eay (1)

where (a_, a;) are contact forms satisfying:
1. &4 = keray are transversal.
2. The 1-distribution £ n & is generated by an Anosov vector field
X.
3. voly = a4 A dag induce opposite orientations on M.



Definition |

An Anosov-Liouville structure on Rs x M3 is a smooth Liouville form
2\ of the form

A=e®a_ +eay (1)

where (a_, a;) are contact forms satisfying:
1. &4 = ker a4 are transversal.

2. The 1-distribution £ n & is generated by an Anosov vector field
X.

3. voly = a4 A dag induce opposite orientations on M.

The vector field X (or its flow ¢;) is supported by the Anosov-Liouville
structure. The pair (£, = kera,{_ = kera_) is a bi-contact structu-
re, and (a_, ) is a Liouville pair.



Bi-contact structure

The bi-contact structure £, n ¢&_ = (X). In the algebraic cases, Ry € (£ In
general, both transverse to EY| ES, then o4 hypertight by tautness of
Fu Fs.



Symplectic invariants of an Anosov flow

Theorem (Massoni ’22)

Given ¢t : M — M a C* Anosov flow on a closed 3-fold, the space of
Anosov-Liouville structures on V = R x M that support ¢; is
non-empty and contractible. The map

{Anosov-Liouville structures} — {Anosov flows} / reparam.

A=€%ay +e %a_— & né

is a fibration with contractible fibers, then it is a homotopy equivalence.

The topology is the C*-topology (cf. structural stability).
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Theorem (Massoni ’22)

Given ¢t : M — M a C* Anosov flow on a closed 3-fold, the space of
Anosov-Liouville structures on V = R x M that support ¢; is
non-empty and contractible. The map

{Anosov-Liouville structures} — {Anosov flows} / reparam.

A=€%ay +e %a_— & né

is a fibration with contractible fibers, then it is a homotopy equivalence. |

The topology is the C*-topology (cf. structural stability).

Corollary (Massoni ’22)

If X supports ¢, every symplectic invariant of (V, \) is an invariant of
the flow, up to homotopies in the space of Anosov flows.
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2. Rabinowitz—Floer cohomology of (V, \).
3. The wrapped Fukaya category W(V).



Symplectic invariants

Some examples of symplectic invariants:
1. Symplectic cohomology of (V. \).
2. Rabinowitz—Floer cohomology of (V, \).
3. The wrapped Fukaya category W(V).

Plus several algebraic structures (products, open-closed map,...).

With Kai Cieliebak, Oleg Lazarev and Thomas Massoni [CLMM] we
calculated invariants of the classical algebraic cases.



The orbit category: Lagrangians on V

Given X Anosov supported by A = ey + e Sa_,(X) =&, n &,
= Every closed orbit A is Legendrian for &

Lrn=RxAN= X, =0=wlg, =dAg, =0
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The orbit category: Lagrangians on V

Given X Anosov supported by A = ey + e Sa_,(X) =&, n &,
= Every closed orbit A is Legendrian for &

Lrn=RxAN= X, =0=wlg, =dAg, =0

= [, Lagrangian with Legendrian boundary on 0,V =
{£oo} x M.

In [CLMM] we studied the A, sub-category of W(V), generated by the
orbits of the flow, the orbit category Wy (V).



Open-closed map

We have L, is contained in the unstable manifold of A. By analogy to
the Weinstein case, we can ask:

Q: Does the family {£a} (split-)generate W(V)?




Open-closed map

We have L, is contained in the unstable manifold of A. By analogy to
the Weinstein case, we can ask:

Q: Does the family {£a} (split-)generate W(V)?

First try: Abouzaid’s generation criterion. However:

Theorem (Cieliebak—Lazarev—Massoni—M. '22)

The open-closed map OCy : HH,_>»(Wy(V)) — SH*(V) does not hit
the unit. Moreover:

= Any two Lagrangians Ly, L with A = N are not quasi-isomorphic
inW(V),

= Wy(V) is not split-generated by finitely many objects L,
= Wy(V) is not homologically smooth.




Dichotomy

Corollary
We have the two possibilities:

» The family {LA} split-generate, in which case W(V) is not
homologically smooth; or

m There exist “mystery” Lagrangians.




Dichotomy

Corollary

We have the two possibilities:

» The family {LA} split-generate, in which case W(V) is not
homologically smooth; or

m There exist “mystery” Lagrangians.

Remark:
= |n all examples we considered, we do not know how to construct
Lagrangians which are not expected to lie in the split closure of
Wo(V).

= The first option would be in stark contrast to the Weinstein case.



Ingredients for proof

The key dynamical input is that the weak stable/unstable foliations are faut,
and hence admit no contractible transverse loops. A disk as above can be
perturbed to induce such loop.



Ingredients for proof
This precludes most contributions to OCq : HH,_>(Wy(V)) — SH*(V),
which splits into contractible and non-contractible parts,

OCy = OCS® OCE°.

Here,
OC§ - HHS 5, — SH} (V) =~ H*(M),
OCi° - HHI, — SH;.(V).




Ingredients for proof
This precludes most contributions to OCq : HH,_>(Wy(V)) — SH*(V),
which splits into contractible and non-contractible parts,

OCy = OCS® OCE°.

Here,
OC§ - HHS 5, — SH} (V) =~ H*(M),
OCi° - HHI, — SH;.(V).
Moreover, there is an isomorphism

HHE ~ (P HH..(C*(S")).
A

This is supported in degrees 0, 1 then

Im(OC§) < H?(M; Z) ® H*(M; ) does not contain the unit.
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Ingredients for proof

C collection of orbits, A ¢ C, C’ = A u {A}. Let A, A’ full subcategories
generated by C,C’. The map induced by inclusion

Lot HH(A) — HH, (A)

splits as a sum

Cc nc
[ b = by @ Ly

with
W8t HHE(A) — HHE(A) @ W, = HHE(A')

= 1, not an isomorphism.

[ = A\ not generated by C.




Basic examples: algebraic flows

Anosov theory Symplectic geometry

Geodesic flow
of hyperbolic surface

McDuff domain

Suspension of Anosov
A:T? > T?

T2-bundle domain




McDuff domains

(X, 9) hyperbolic surface, o = voly € Q?(X). The magnetic cotangent
bundle is
(T*"L, wy = dAgg + 7¥0),

with 7 : T*¥X — ¥ natural projection.
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McDuff domains

(X, 9) hyperbolic surface, o = voly € Q?(X). The magnetic cotangent
bundle is

(T*"L, wy = dAgg + 7¥0),
with 7 : T*¥X — ¥ natural projection.
On T"X\X @ R x §*%:
» 7*0 = da_ is exact,
" \stg = rag, With ay = Aggls+x,
= o = connection form with curvature o.

v (V,Ag) = (R x S*E, \gtg + ) is Liouville, dA, = w,.

(€4,6-) = (keray kera)

bi-contact structure, supporting the conormal geodesic flow. Lagran-
gian cylinders are L5, = R x A, A, = conormal lift of geodesic ~.



McDuff domains

A A

\ Magnetic

~ Liouville
(_L

' vector field

Liouville .—
Tvector field / Z




McDuff domains .
The Hamiltonian flow of H : (T*,w,) — R, H(q,p) = 2 is the
magnetic flow.
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McDuff domains

The Hamiltonian flow of H : (T*T,w,) — R, H(q,p) = 8L is the
magnetic flow. If M, = {||p|| = r} = H~'(r?/2),

ker wy|p, = ker (rday + da—) = ker (doz+ + 1rd04_> ,

with integral curves the magnetic geodesics of geodesic curvature

~

r=0 k1

k 1) Q
"prequantization” flow horocycle flow geodesic Flow
= Reeb flow of o_ t Reeb flow

= Reeb flow of &,

The magnetic geodesics in the universal cover H?.




T2-bundle domains

OnR%, ., let

ay = +efdx + e “dy.
Let Ae SL(2,Z) = MCG* (T?) hyperbolic, A = diag(e™, &), 7 # 0.



T2-bundle domains

OnR%, ., let

ay = +efdx + e “dy.
Let Ae SL(2,7Z) = MCG™(T?) hyperbolic, A = diag(e™,e™ "), T # 0.
Then a4 gives Liouville pair on
E= RS/(X,}/,Z) ~ (A (va)uz_T)7

a T?-bundle over S' with hyperbolic monodromy. The pair (¢£,,¢.) =
(ker ay, ker o) supports the suspension of A.



Closed Lagrangians

Theorem (Cieliebak—Lazarev—Massoni—M. '22)

» (McDuff domains) In every McDuff domain, there exist 3g — 3
pairwise disjoint exact Lagrangian tori in distinct homotopy
classes, where g denotes the genus of ¥.

n (Torus bundle domains) In every torus bundle domain, there are

no closed exact Lagrangian submanifolds which are either
orientable, projective planes, or Klein bottles.




|dea of proof

= In the McDuff domains, the tori are Lagrangian isotopic to T? =~
S*¥|, where v < X geodesic (pair of pants decomposition >
39 — 3 geodesics).
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|dea of proof

= In the McDuff domains, the tori are Lagrangian isotopic to T? =~
S*¥|, where v < X geodesic (pair of pants decomposition >
39 — 3 geodesics).
Remark: Good evidence that these are split-generated by the two
orbit cylinders L, L.
= In the torus bundle domains, if L — V is exact Lagrangian (orien-
table, projective plane or Klein bottle), examining the image of
m1(L) — w1 (V), Llifts to either
o (T*(R x 8"), Agan); OF
e asubset of (T*T?, \sapn) disjoint from zero section.

But no closed exact Lagrangian in either of these (by Lalonde—
Sikorav, and Gromov, respectively).



Symplectic invariants: closed strings

Theorem (Cieliebak—Lazarev—Massoni—M. ’22)

V2" = [—1,1] x M Liouville domain such that My = {+1} x V is
hypertight. Then:

= (Rabinowitz Floer cohomology) We have
RFH*(V) ~ RFH*(M_) & RFH*(M..),
as rings.
= (Symplectic cohomology) We have
SH*(V) = SH* (V) ® SH; (V) @ SH (V),
as Z-modules, with SHg (V) =~ H*(M).




Fiber product structure on symplectic cohomology

Assume that free homotopy classes of orbits on M, are distinct from
those on M_. Then:

m Ay := SHj and AL := SH; ® SHX are sub-Z-algebras of
A= SH*,

m /4 :=SH{ c Ay c Aare idealssuchthat I_ n I, = 0;

] Ai/li = Ao.




Fiber product structure on symplectic cohomology

Assume that free homotopy classes of orbits on M, are distinct from
those on M_. Then:

m Ap := SHj and A+ := SH; ® SH are sub-Z-algebras of

A= SH*;
m /4 :=SH{ c Ay c Aare idealssuchthat I_ n I, = 0;
[ ] Ai/li = AO'

J

That is, we have an algebra fiber product structure on symplectic co-
homology:

A— A_

L

A+*>AO

where maps are quotient and projection maps.



Closed string invariants of McDuff domains

Corollary (Cieliebak—Lazarev—Massoni—M. '22)
V =R x S*X McDuff domain. Then

SH* (V) = tH*(M)[t] @ H*(M) @ Hp_, (LX),

where |t| = 0 (S'-fibre) and LY. is the space of non-contractible
loops on %.




Closed string invariants of McDuff domains

Corollary (Cieliebak—Lazarev—Massoni—M. '22)
V =R x S*X McDuff domain. Then

SH* (V) = tH*(M)[t] @ H*(M) @ Hp_, (LX),

where |t| = 0 (S'-fibre) and LY. is the space of non-contractible
loops on . As subrings:
» SH (V) = H*(M)[t] and SH* (V) = tH*(M)[t] with product as
polynomial rings;
m SHy (V)= I:IE_O*(EZ) the nonnegative action part of Rabinowitz
loop homology with Cieliebak—Hingston—Oancea product;
= SH (V) = Ho_.(L"°Y) with the loop product.




Closed string invariants of T?-bundle domains

Corollary (Cieliebak—Lazarev—Massoni—M. '22)
V = [-1,1] x M a T?-bundle domain. Then
SH*(V) = P H*(S") @ H*(M) & P H*(S"),
r r

wherel = Q n [0,1).

Remark: Products are a bit more mysterious (they are very restricted,
but contributing Floer solutions might or might not exist).



Open string products

We also have analogous fiber product descriptions for the open string
products on wrapped Floer cohomology, i.e. on

A= P HW*(La, Ly),

AN

which extends to a fiber product description of the cohomology cate-
gory H*W, as

H*Wy —— H*Wj
HWF —— H*W¢

where each category above has the same objects but different morphism
groups.



McDuff domains: open string products

For the McDuff domains, consider the product m on

A= @ HW*(Ln, Ln),
AN
The ideals I, I — A are generated by
= Binormal geodesic chords between geodesics (plus side); and

= intersection points between geodesics with positive integer multi-
plicities (minus side).



McDuff domains: open string products
The product m, on /. (geodesic side) is determined by a string co-
bracket operation A : [, —» I, ® I,.

A(C)=X cec,

chy,

The string cobracket A.



McDuff domains: open string products

The product m, on /. (geodesic side) is determined by a string co-
bracket operation A : [, —» I, ® I,.

A(C)=X cec,

chy,

The string cobracket A.

The coefficients of m are:

[ (my(c1,C2),03) = £(A(¢cy), 3 ® C2) £ (A(C2), C1 ® C3).




McDuff domains: open string products

The product m_ on /_ is given by counting immersed geodesic triangles.
Multiplicities at the intersection points add up.



Some open questions

(I) If two smooth Anosov flows are topologically equivalent!, are their
orbit categories quasi-equivalent? And the reciprocal?

(I Anosov flows beyond algebraic cases are obtained e.g. by sur-
gery. What is the effect of (Fried—Goodman) surgery on the sym-
plectic invariants?

(I} Are the Donnay—Pugh examples of embedded surfaces in R® with
Anosov geodesic flow, homotopic to Anosov geodesic flows of
hyperbolic metrics?

(IV) What are the symplectic invariants of the Franks—Williams exam-
ple?

'I.e. there exists a homeomorphism sending oriented orbits to oriented orbits.



Thank you!



